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XL VI. Calculations in Spherical trigonometry abridged* 
By Ifracl Lyons* Jn a Letter to Sir John Pringle, 
Bart.P.R.S. 



TO SIR JOHN PRINGLE, BART. P, R. S. 



Eedde, July t>, |[^INCE aftronomical obfervations have 
1775- 



SIR^ 

SI 
been made with much greater precilion 
than formerly, it became reqtiilite that the calculations 
correfponding to them Ihould likewife be made to much 
greater degrees of exa6tnefs. The ancient aftronomers 
defired only to make their obfervations and computations 
agree within a part of a degree ; fucceeding ones were fa- 
tisfied when they correfponded within a minute ; but no 
lefs exa£lnefs than feconds will content the moderns. 
The rules in fpherical trigonometry being reduced to 
operations by logarithms, it is neceffary to ufe fuch a 
number of figures in the tables as will produce the re- 
quired precifion ; this is very different in the various parts 
of the quadrant, infomuch that if the arc is only one de- 
gree, four places of decimals in the logarithm of a fine 
are fufficient to determine the arc to which it belongs 
within a fecond: whereas if the arc is 89"", there is a 

neceflfity 
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neceffity of ufing eight figures for the fame putpofe ; 
thus, the logarithm fine of Sg"" o' o^^ is 9-9999338, the 
fame feven figures as for the logarithm fine of 89'' o' i^\ 
From this confideration it follows, that the analogies 
commonly laid down and ufed for the folutions of fpheri- 
cal triangles are not in all cafes equally convenient, and 
I might fay, equally accurate; and that it would be more 
eafy and exa6t in calculations to find what was required, 
by means of fines of arcs, which, being fmall, require 
the ufe of only a few places of figures. Now the cafes 
which often occur in aftronomy, where fpherical trigo^ 
nqmetry can only be of ufe, are generally of fuch a na* 
ture that we know nearly, or at leaft within a few de- 
grees, what the required fide or angle is, there is nothing 
therefore wanted but to find how much this quantity, or 
firfl: approximation, differs from the true value of the 
fide or angle. Thus in calculating the right afcenfion of 
any point of the ecliptic, whofe longitude and declina- 
tion are known, inftead of fi.nding the right afcenfion im-^ 
mediately, it will be more convenient to feek for the dif- 
ference between the longitude and right afcenfion, which 
as it never exceeds 2- °, four or five places 6f figures will 
always be fufficient to determine it within a fecond. And 
in other fimilar cafes, rules might be made agreeable to 
the exigency of each particular cafe, which would be bet- 
ter than the application of the general method of folu- 
tion. Some examples of which fliall be fliewn in the 
Vol, LXV. R r r following 
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following paper : the defign of which is to point out a 
method of folving feveral of the moft nfeful queftions 
in fpherical trigonottietry in a manner fomewhat fimilar 
to that ufed in approximating to the roots of algebraic 
eqiiations,. This method is founded on the following 

LEMMA. 

If the radius is fuppofed equal to 
unity, the fine of the fum of two arcs, a 
and |fi, is equal to fin. a + cof.a x fin.jS- 
fin. a X verf. fin./S* And its cofine=cof.^ - 
fin., d X fin. jS- cof. OL x verf. fin. /?. 

ay 




DEMONSTRATION* 

Let the arc a be ra, and the arc jS be ae, their fines 
A<3f, BD, refpe(ftively ; then b ^^ being drawn perpendicu- 
lar to the radius CR will be the fine of a+jS. Draw D^ 
and Kn parallel to CR. Then, by fimilar triangles, 
CA : c<3f :: Bp : b/>, and ca : At? :: ai> : np. Therefore, 

i^b(::sAa'\-'&p--pn)-Aa'^—^ — ^ ; that xs,fine(;c + jS 



:s:fin. a + cof. a X fin. ]S~fin. a x verC fin. /S* 

In the fame manner, drawing D^ parallel to AawQ 

may prove cbl^ca-bq-^aqj^ZK — — — ^^ , or cof. 



CA 



()c + jS := cof. cn. -^ fin. Of, x fin. jS-cof.. « x verf. jS. 



In 
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In what follows, for brevity fdie, the arc is exprefled 
by a Greek letter; its fine by the capital chara<9;er; and 
the cofine by the fmall italic chara6ter of the fame letter^ 
In this notation, the two theorems wiU ftand thus, 

fin. (x+jS==A+if i-AxiC j8, *ad cof.a+j8=#-AB-i5iKvf.j8»^ 



C O E Q L li A E Y I, 



Since the tangent is equai to the fine divided by the 
cofine, we ftiall have 



A + ^B— A>^vf,^ ABA 



Tang. ^4.^= _— _-^=:-^+^4- ^,x vf. ^ nearly. 



COROLLAEY II. 

If we change the fign of jS, we fliall have fin. a-0 
= A -i?B «- A K v£ ^. Cof. ^ - jS ^ tf + AB-^ H v£ 0k And 

tang.a-|S^^-J+^xvf.^. 

By the help of thefe theorems, knowing nearly what 
any quantity in a fpherical triangle is, We may find its 
corredion, thus : if we have to find the cofine of an arc, 
which arc we know is nearly equal to a Whofe cofine is a. 
Suppofe the arc to be a - ^, and its cofine a-^c. Then <3r + ^= 

cof.^-^=^+AB-^xv£j8. Therefore, B=:j^"*"^xverf.i8. 

R r r la The 
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Tlie firftterm ^ will always give a near approximation 
to the value of fin. jS,, and jS being found the correiSlion, 

^ K vf. 0, or cot. a x vf. /8, may be fo\md and added to it. 

Among the tables requifite to be tiled with the Nautical 
Almanac, is table iv. for parallax, p. 19. which Ihews 
the value at fight of fuch quantities as vf. j8x cot. ^, the 
arc being found in the firft column of the table, and 
a at the tqp. Thi3 table I have calculated only to arcs 
under 63^; but it would be found ufeful to have a table 
ready computed for all arcs under $\ 



1^ It o- 
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P R O B L E M !• 

tft%e two kgSy AB and b c, ofthefpberical trt-^ 
angle abc right-angled at b, are given^ to 
find the bypotenufe KCy the leg bc, being J^ 
f mall in comparifon of ac. 

Let ab=5c, BC=j8,and fuppofe AC=a+^,e)t Being a near 
approximation to. ac, and ^the fmall arc to be added to? 
AB to make it equal to ac ; then cof. AC=cof. ab x cof. bc ; 

that is, according to our notation, a- hz-ax vf. ^=^ab.^ 
Whence z.^—- — 4 x^f- ^=cot, (x x vf. ^-cotp^x x vf. t,. 

EXAMPLE. 

Let AB be 75"" o' and bc 20"" o', and the compvitation 
will be as follows : 

Cotangent ab 9 .4 2 8 o 

VerfedfineBC 8.7804 

^nearly 55^ 33^^jEine 8.2084 

Corredlion - 7 from tab. i v. Nautical Almanac. 

Therefore ^=: 5 5 26 and ac=:75'' 55^ 26'^ 

By this problem, the diftance of the Sun may be found 
from a planet whofe latitude and difference of longitude 
are known. 



PRO- 
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PRO B L E M II. 

Having the bypotenufe ac and one of the angles h^ tofini 
the bafe ab. 

Let AC=/S, BAC=:^, and fuppofe ab=jS-^, them cof. a= 

h B Z BXvf. f Z BXvf. f 

cot. AC X tang, ab, or ^=-^x j~^+ — ^3— = 1-57+ — j. — 



B 



Wlience z ztb ^ X i — <7 + — x vf. f =:| fin, 2 iS x vf. « + tang. /5 x vf. f. 



EXAMPLE. 

Let a=23'* 28^ 15'', and ac=io'' o' o'^ 

Sine 2 AC 20^ o^ 9*5340 

Verfed fine a 8.9177 

1 I ■ mmmmmm 

8.4517 

I-iOg. 2. 0.3010 

■ I ■ I . 1 II ■ M 

Zf nearly 48^ 39'^ fine 8.1507 

Correction + 6 



^ 48 45 and BC=:i59'' 11^ 15^ 

By this problem, the right afccnfion of any point of 
the ecliptic, whofe obliquity and longitude are known, 
may be found. 



V K o- 
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PROBLEM III» 

Suppojing the fame things known as in the 
lajiy to find the perpendicular ^CyWhen 
the hypotenufe is nearly a quadrant. ;\ 

Let A=a, AC=/S, as before, and fuppofe Bc=:^~Zf; then 
fin. Bc = fin. AC X fin. a, or a-^ z- a x vf. ^= ab, whence 

^ DA A 

^-—^ X vf. <^=:tang\ OL X CO. ver. fin. /?~t.a x vf. (^. 

EXAMPLE. 

Let A=:a3° 2V 15'^, and acx 80° o^ 

Tang. A 9-637 7 

Verf. fin. co. ac, 10'' 8.1 8 1 6 



^nearly 22"" 41 fine 7.8193 

CorrecSlion - 1 



^ 22 40 and bc=:23'' 5^ 35-^ 

This problem will be of ufe to find the declination of 
the ecliptic, and the latitude of a planet near the limits. 

Thefe three inftances will fuffice for an application of 
this method to right-angled fpherical triangles ; we fliali 
now give two problems of oblique triangles. 



PRO 
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PROBLEM I\% 

Suppofe ABC to be a fpherical triangle^ in 
which are given the ttvo fides ab, bc, 
zvith the included angle b, to find the 
third fide ac\ 

S O L U T I O N I. 
Let ABC =: /3, BC =: a, AB = h Put AC =: /S 4- i^, /S being 

an approximate value of ac, when the two legs are 
nearly quadrants. Now the cofine of ac being equal to 

b DA ^da ^"^ we fhall have ^~ bz - ^ x vf. <^=;t^ D a + da : and 
2= X vf. <;• But I -DA-da=:\L 0-oCf which 

c - 

bw bda — da h 



put=i^.Then z= —+ x vf. t== cot. B x vf. |- a- 

cof. ^x cof. a X tang. ^ j(3~cot. j8x vf. ^. Therefore ^ is the 
difference of two arcs whofe fines are cot. jSx vf. $-a, and 
cof. Ix cof, ax tang. J j8, the difference of thefe two arcs 
being diminifhed by the correction cot. jSx vf. ^, 



(a) It h a well known thcor.tliatfin. ba x fm. bc :r*=:vf.AC — vf.AB— bc ; vf.B; 

tkat is, fin. BA X fin. bc : r^ ~ cof, ab — bc — -cof. ac : r — cof, b. Or, 

in the author's notation, putting r = i, da : 1 —cof. ^ — »—cor. ac; i — b. 

Therefore 0A — ^DAzrcof. ^ — » — cof. ac. Or, cof. aczt^da — da — cof.* — -a. 

For cof. ^—a fubftitute its value as cxpreflcd in the fecond corollary of the 
lemma, and there arifes the author's equation, cof. AczzbDA-i-da, 

S. HORSLEV. 



£ X A M t* I* K. 
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EXAMPLE* 



Siippofe 3 = 51*^ 12^ 5^^ 
AB=87 57 SI 

BC=:87 20 34 

Cotangent b 9 '9^ 5 3 

V«rf. line ab — bc o" 37' if^ S*1^93 



Tang. I B 25"^ 36^ gMo^ 
Cofine AB 8.5505 

Cofine BC 8>666i 



ift arc o' 10" fine 5.67 



2d arc 2' 43'' fine 6.897 1 



The difference of thefe two arcs, 2' 33'' 

Subtra6led from the valvie of the angle b, 5112 5 

Leaves ac, 51 9 32 

The correction cot. j8x vf. ^in this example is o. 

This folution is very convenient to find the diftance of 
two Zodiacal Stars, having their latitudes and difference 
of longitude. 



SOLUTION IL 

Let The an arc whofe cofine /=^xcof. ^-^a^bda-^bv^k^ 
and fuppofe ac=::t*-C> then t-¥TZ-tx v£.^=:bDA + da 

-t-bda^da. Whence z=(5?<^x ~^4-^ x verf. ^=: cofec. t 

X cofin. a X cofin. ^x vf. jS-f cot. t x vf. ^. 

This folntion is ufeful to find the diftance of the Moon 
from a ftar at fome diftance from the ecliptic, in which 
cafe it coincides with the rule given by the Aftronomer 

Vol. LXV^ Sff Royal, 
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Itoyalj PhiL Trauf. 1764, voL LIV. and which taking in 
tlie corrcaion here given cot. rxvLi^ will always be 
exacSt to a fecond. It is alfo of ufe to jBnd the declination, 
of a ftar, whofe longitude and latitude and obliquity of 
the ecliptic are known. 



SOLUTION lit. 

Let the angle b be fmall, and the 
two legs AB, BC, very unequal; then 
the fide AC will be neai^ly ab-bc. Put 
this=^, and fuppofe Ac=^^-h(^, then cof* ^ 

Whence z-—^^ x vf. ^=fin. J" x fin* ol x vf. j6x cofec* 

I'-^-^-^-cot.ix vf. fk 




E X A M P L El 



Let ABrr94^ 36' 58^'' 
BC=23 28 24 
B^24 54 24 J 



AB--BC = 7I 8 34 

Sine AB 
Sine BC 
Verfed of b 

^nearly a"* 14' it '^ fine 



as in the examx)lc to fol* 1. 

Cofecant 0.0 2 306 

9-99859 
9*60023 

8.96851 



» ttMaWMMNMIIhHMf 



8.59129 



The 
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The value of <^ being without the limits of tab. iv. in. 
the tables requifite to be ufed with the Nautical Almanac, 
the correction cot. k x vf. ^ muft be computed thus : 

Cot. ;^ 9*533 
V.fin.C 6.881 

Cor. o^ 53^^, fine 6.414, this fubtraCted from the firft va- 
lue of i^y leaves ^=a^ 1 3'' 1 8^^, which added to ^~^, gives 
the fide ac=73'' 21^ 52^^ This folution will help to 
find the Sun's altitude near noon. 

I have dwelt the longer on this problem becaufe it is 
one that is very commonly required in aftronomical cal- 
culations, and the operation by the rules of fpherical 
trigonometry in this as well as the next is rather trou- 
blefome* 



S f f 2 f R 0- 
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PROBLEM V. 

Suppojing the fame things given^ to find either of the angks\ 
as for in/lance c oppofite the fide ab. 

We have cot. c=: cot, b x cof.BC~fiH.Be x cot. ab x cofec. b 

=^— — — . Let u be an anrie whofe cot. ~ = cot. B x 

fin. J-,x,cofep.*='-i^^, and fuppofe c = ^.f, then 
cotc= 1+ — r"= • Wlience z=mx + 

M M* M^ BI> BD 






^x vf. ^=:lin. f£ X fin. ^e xcot, |x tang, -jS+cot. (ixvL^. 

E X A M. P L E. 

Let AB=94^ 36^ 58 

Bc=23 28 54 
b;:=24 54 24 Gotang. o.333i77<=» 

1 ABand BC=;^7i 8 34 Sine 9.9760412 

CofecantAB 0.0014080 

lilNIIIIIIIMBIiHMMMM^ 

Cot, 10.3166262 





fx- 26 3 44 


Sin. ft 


9.286 


Sin. BB 


9,600 


Cot. AB 


8.909 


Tang.lB 


9-344 



^=4' 44^^ fine 7.139, this fubtraded from ft leaves the 
angle c=:2S'' 59' o^^ 

This 
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This problem will be of ufe to find the right afcen- 
fion of a ftar whofe longitude and latitude, and obliquity 
of the ecliptic are known, or to find the Sun's azimuth 
at any hour in a given latitude. 

I have added no cautions when thefe approximations 
and corre<£ticMis change their figns, becaufe any mathe- 
matician will difcover them at fight. 

I have the honour to.be, &c. 



XLVIL Fur^ 



